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U"> ! Abstract 

A special arrangement of spinning strings with dislocations similar to 
a von Karman vortex street is studied. We numerically solve the geodesic 
equations for the special case of a test particle moving along two infinite rows 
of pure dislocations and also discuss the case of pure spinning defects. 
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O '. Conical singularities or spacetime defects are characterized by Riemann- 
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Christoffel curvature tensor, or Cartan torsion, or both different from zero 






% 



only on the subspace (event, world line, world sheet, or world tube) that de- 
scribes the evolution of the defect (texture, monopole, string, or membrane). 
In other words we have that the curvature, the torsion, or both, are propor- 
tional to distributions with support on the defect. Spacetimes with conical 
singularities of different types has been studied recently in a variety of con- 
texts, e.g. spinning strings with cosmic dislocations |jj@, pure spacetime 
dislocations ||- |J, also in low dimensional gravity ||. For the discussion 
of a great variety of defects see Ref . . 

Some quantum aspects related to line defects has been considered 
by several authors: The spectra of a quantum particle in the presence of 
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conical singularities that physically corresponds to a cosmic strings, a screw 
dislocation, and a rotating string M. The harmonic interaction of a particle in 
the presence of defects [[|. A Berry quantum phase for particles transported 



along a defect [ 10 1 . The relation with the chiral anomaly is Ashtekar approach 



to quantum gravity [] 1|. Classical aspects has been also recently considered: 



The gravitational energy of the conical defects fl2 |. Geodesic motions around 
line defects ||13|| . The magnetic and electric self-forces on a straight wire 
induced by a topological line defect carrying singular torsion ||14|| . 

The purpose of this note is to study a particular infinite superposition 
of line defects that can be described as a von Karman vortex street [|17|] kind of 



arrangement of spinning cosmic strings with dislocations. This arrangement 
of strings is depicted in Fig. 1. We have two rows of an infinite number of 
strings, the coordinate distance between the rows is 2b and the strings in a 
row are apart by a distance la. One row is displaced in an amount a with 
respect to the other. All the strings in the same row have equal spins and 
equal dislocations (the spins and the dislocations are not necessarily equal). 
The strings in the two rows have opposite spins and dislocations. 

First, let us summarize the main relations associated to a spinning 
string with dislocation. The associated spacetime is M, 



with 



ds 2 = (uj 1 ) 2 - (u z ) 2 - (u x ) 2 - (u y ) 2 , (1) 



J = dt- d y Wdx + d x Wdy, (2) 

lu z = dz — dyl/dx + d x Udy, (3) 

tu x = e- 2V dx, u y = e~ 2V dy, (4) 



where the the functions: U, W and V are 



W = 4uf w , U = A K f v , V = 2\f v , (5) 

and for the case of a single defect all the three functions, fw, fu and fy are 
equal 



/ = lnr, (r = + Jx 2 + y 2 ). (6) 



In the context of the Riemann-Cartan geometry |15|| this spacetime has curva- 
ture and torsion that are proportional to Dirac distributions with support on 
the line x = y = 0. We have that the tetradical components of the curvature 
tensor and the torsion reduce to: 

R xyxy = 2e 4V (d xx + d yy )V = 8ir\5(x)6(y)/^9, (7) 

Stxy = (d xx + d yy )W = 8ira8(x)5(y), (8) 

Szxy = (d xx + d yy )U = 8-KK5(x)5(y). (9) 

^From Einstein-Cartan equations one finds that this metric represents a sin- 
gle string locate along the z-axis with linear density, A [0. The string has as 
equation of state: linear density equal to tension, i.e., the equation of state 
for usual cosmic strings. The string is spinning with an "angular velocity" a 
and has a dislocation given by k. In this case, the analogue of the Burgers 
vector of dislocation has a single component along the z-axis, 2k,/tt. 

Note that we have three independent structures: i) A disclination or 
cosmic string, ii) A "time dislocations" or spin, and ii) A space dislocation or 
cosmic dislocation. Each one of these structures gives us a singularity along 
the z-axis (line singularity). Thus, when these three structures are one in top 
of the other we have the a spinning string with cosmic dislocation. But we 
can also have: a) A string with dislocation only, a = 0, b) A spinning string, 



K = 0, c) A spinning cosmic dislocation, A = 0, d) A pure time dislocation 
or spinning defect, A = n = 0, e) A pure cosmic dislocation, A = a = 0, 
and f) A usual cosmic string, n = a = 0. The gravitational energy of these 



defects were considered in [|12| and the spacetime analogue of other Volterra 



distortions in 16 



Now we shall consider single row of strings form by identical strings 
parallel to the z-axis that cross the x-axis, at: • • • — 4a, —2a, 0, +2a, +4a, • • •. 
The function jy in this case is 

1 oo 

f v = - £ \n[(x-2naf + y 2 }. (10) 

n=— oo 

This function gives right curvature, since 

oo 

(d xx + d yy )f v = 2n Y, 6{x-2na)8{y). (11) 

n=— oo 

Introducing the complex variable, ( = x + iy, we have, 

oo 

2f v = ]T ln[(C-2on)(C-2on)], (12) 

n=— oo 

oo 

= ln(CC) + E ln KC 2 -4aV)(C 2 -4aV)], (13) 

OO 

= 2f v + 4 E ln(2an) (14) 



n=l 



with 



2/ v = ln{C II [1 " (C/2an) 2 ]C II I 1 - (C/2am) 2 ]} (15) 



n=l m=l 



Since the singular structure of ([TTJ) does not change if we add a constant to 



fv we have that (|TJ]) and fllS] ) represent the same type of defects. So we 
shall use this last function to represent the infinite row of strings. By using 



the 


identity |18 , 
















sinx 


n=l 


- (x/nir) 2 


fv 


can be cast in 


the simple form, 






fv( 


x,y) 


= In 
1 


sin[7r(x + 
„r„~„u2/„.„ 


iy)/2a]\, 



(16) 



(17) 
- In [cosh 2 (ny /2a) - cos 2 (nx/2a)}. (18) 

Thus the functions V = Xfv(x,y) and W = U = are the metric 
potentials that describe an infinite row of cosmic strings. With fv{x,y — b) 
we have the upper row of Fig. 1 with no spin and dislocation. To put spin 
and dislocation to each string we do W = crfy(x, y — b) and U = Kafv(x, y — 
b). The other row is represented by the functions V = Ajy(x + a,y + b), 
W = —afy{x + a, y + b) and U = —KJy{x + a, y + b) (the spins, as well 
as, the dislocations of the defects of the two rows are opposite). Now the 
metric potentials for the whole von Karman vortex street type of distribution 
presented in Fig. 1 are: W = a[fv(x,y — b) — jV(x + a, y + b)} , U = 
n[f v (x, y-b)- f v (x + a,y + b)} , and V = \\fv(x, y-b) + f v {x + a,y + b)] , 
i.e., 

W = 2a In C ° Sh y {y ~ b)/2a] - CQS 2 2 (W 2a ) ^ (ig) 

cosh [n(y + b) /2a] — sin (irx/2a) 

U = 2nln COSh y {y ~ b \ /2a \ ~ COS 2 2 ( W2a) ( } 

cosh 2 [7r(y + 6) /2a] - sin 2 (7rx/2a) 

V = Aln{(cosh 2 [vr(y-6)/2a] - cos 2 (7rx/2a)) x 

(cosh 2 [n(y + b)/2a] - sin 2 (vrx/2a))} (21) 

In order to better understand this metric we shall study the motion 
of test particles traveling between the two rows of strings. Since the torsion 
is a distribution with support only on the defect we have that, in this case, 



geodesies and autoparallels are the same. The geodesic equations for the 
metric P)-(H) reduce to: 

i - xdyW + yd x W = Ki, (22) 

z - xd y U + yd x U = K 2 , (23) 

x - 2(x 2 - y 2 )d x V - 4xyd y V = 0, (24) 

y - 2(x 2 - y 2 )d y V - 4xyd x V = 0, (25) 

where K\ and K 2 are constants of integration. From the metric (|Ij)-([§) we 
obtain the relation, 

(x 2 + y 2 )e- iV = -1 + K 2 - K\. (26) 

We note that the motion in the plane (x, y) is independent of the variable z 
and is determined mainly by the string part. The motion in this plane deter- 
mines the motion along z. This last motion is due solely to the dislocation. 
Since this part will represent the major depart from the usual cosmic strings 
we shall first analyze the case: A = a = 0, i.e., an arrangement of pure 



dislocations. Now the geodesic equations are: (|23|) , t = K\, and x = y = 0. 
The last two equations tell us that the motion is confined to a plane parallel 
to the z-axis. We integrate these equation and choose the constant of inte- 
grations in such a way that the particle be confined between the two rows of 
dislocations: y = yo with —b<yo<b and x = v x s + xq. The constraint (p6|) 
now reads, 

K 2 = l+K 2 + v 2 x . (27) 

Thus, it remains only one equation to solve, Eq. (|23|), that we shall study 
numerically. In Fig. 2 we present the geodesic motion of a test particle in the 
gravitational field of a von Karman street type of configuration constructed 
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with cosmic dislocations for different values of the constants: yo = —1.8 
(lower curve near the origin), y = (middle curve) and x/q = 1.8 (upper 
curve); Xq = for the three cases. The value of the parameters are a = 
1, b = 2, k = — 0.45. We take for the integration constants: v x = 0.8 and 
K 2 = [note that K\ is determined by Eq. (|27|)1. The three curves intersect 
in points that have the same coordinate x as the dislocations. 

In summary, with no cosmic dislocations we have a motion on the 
plane z = parallel to the x-axis. The presence of the pure cosmic dislo- 
cations makes the particle leave this plane and acquire velocity along the z 
direction. Depending on the sign, the dislocations may accelerate or brake 
the motion of the particle in the z-direction. We have a very symmetric 
arrangement of dislocations that is reflected in the motion of the particles. 

Finally, let us turn our attention to the case of pure spinning defects, 
in this case we have k = A = 0. Then the particles move always in a strait 
line. If we take a = —0.45 and the same values for the rest of the constants 
as in the precedent case, we find that the test particles do not leave the plane 
(x, y) and move parallel to the x-axis. The time coordinate is "accelerated" 
and "braked" as the z-coordinate we have the same behaviour shown in Fig. 
2 with the z-axis changed by the coordinate t. Again the symmetry of the 
arrangement of pure spinning defects is reflected in the motion of the test 
particles. 
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Figure 1: A von Karman vortex street like distribution of spinning cosmic 
strings with dislocations is depicted. All the strings in the same row have 
equal spins and equal dislocations (the spins and the dislocations are not 
necessarily equal). The strings in the two rows have opposite spins and 
dislocations. 
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Figure 2: Geodesic motions of a test particle in a von Karman street type 
of distribution of cosmic dislocations for different values of the constants: 
y = —1.8 (lower curve near the origin), y — (middle curve) and y = 1.8 
(upper curve); Xq = for the three cases. The value of the parameters are 
a — 1, b = 2, k — —0.45. We take for the integration constants: v x = 0.8 
and K.2 = 0. 
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